ABSTRACT. The existence of a set of d 2 pairwise equiangular complex lines (a SIC-POVM) in ddimensional Hilbert space is currently known only for a finite set of dimensions d. We prove that, if there exists a set of real units in a certain ray class field (depending on d) satisfying certain congruence conditions and algebraic properties, a SIC-POVM may be constructed when d is an odd prime congruent to 2 modulo 3. We give an explicit analytic formula that we expect to yield such a set of units. Our construction uses values of derivatives of zeta functions at s = 0 and is closely connected to the Stark conjectures over real quadratic fields.
INTRODUCTION
A set of m complex equiangular lines in d dimensions is a set of one-dimensional subspaces 
= θ for all i = j. These configurations were first studied in the context of design theory in the 1970s. The maximal cardinality of a set of complex equiangular lines was shown to be bounded above by d 2 by Delsarte, Goethals, and Seidel [9] .
A set of complex equiangular lines achieving this upper bound-d 2 lines in dimension d-is equivalent to a set of quantum measurements known as a SIC-POVM (symmetric informationally complete positive operator-valued measure). SIC-POVMs were introduced in 1999 by Zauner [30, 31] and have applications to quantum information processing (e.g., [29, 8] ). Their existence has implications for quantum foundations due to their presence in the theory of quantum Bayesianism [11] .
SIC-POVMs are conjectured to exist in all dimensions. They have been proven to exist (by explicit construction) in dimensions 1-21, 24, 28, 30, 31, 35, 37, 39, 43, 48, 124 , and 323 [30, 12, 1, 13, 14, 20, 3, 2, 4, 21] , and approximate numerical solutions have been found in every dimension up to 151 and several other dimensions up to 1155 [18, 20, 19, 10, 21] . All but one (the Hoggar lines [15] ) of the known SIC-POVMs are (up to unitary symmetry) so-called Heisenberg SIC-POVMsthe orbit of a single vector under the action of a discrete Heisenberg group.
Appleby, Flammia, McConnell, and Yard [5, 6] recently discovered an empirical connection between SIC-POVMs and Hilbert's 12th problem for real quadratic fields. Hilbert's 12th problem is a longstanding open problem in number theory. For a base field K, it asks for an explicit construction of the abelian extensions of K, analogous to the Kronecker-Weber theorem in the case when K = Q and the theory of complex multiplication in the case when K is imaginary quadratic.
Appleby et. al. [5, 6] observe that, for d > 3, the known examples of Heisenberg SIC-POVMs are always defined over abelian extensions of the real quadratic field Q( (d + 1)(d − 3)). They predict the existence of a certain Galois orbit of SIC-POVMs called a minimal multiplet, and they conjecturally identify the specific ray class field over which the SIC-POVMs in the minimal multiplet should be defined.
This paper formulates a conjectural construction of a Heisenberg SIC-POVM in infinitely many dimensions d = 5, 11, 17, 23, 29, 41, . . ., which are those d that are odd prime numbers congruent to 2 modulo 3. We split our construction into two pieces. The first is Conjecture 5.1, which predicts the existence of a Galois orbit of real algebraic units in a certain class field over Q( (d + 1)(d − 3)) satisfying several strong conditions. We prove in Theorem 5.4 that such a set of units (if it exists) may used to construct a SIC-POVM in dimension d. The second piece of the construction is Conjecture 5.2, which gives an analytic formula for a set of real numbers that we expect to be algebraic units satisfying the conditions of Conjecture 5.1.
Of crucial importance to our construction in Conjecture 5.2 are the conjectures of Stark on the leading terms of the Taylor expansions of Hecke and Artin L-functions at s = 1 and s = 0 [24, 25, 26, 27, 28] . Stark made his conjectures in the 1970s, and they remain open over every base field except for Q (known to Dirichlet) and imaginary quadratic fields (proof due to Stark [24] ). Much work has been done toward attacking or refining the Stark conjecture; one vital reference is the proceeding of the 2002 "International Conference on Stark's Conjectures and Related Topics" at Johns Hopkins University [7] .
Specifically, we use the rank 1 abelian Stark conjecture in the real quadratic case [26, 27] . A key observation made in this paper is that the overlap phases of certain SIC-POVMs are Galois conjugate to square roots of Stark units-units in ray class fields predicted by Stark to coincide with exp(Z ′ A (0)) for a certain differenced ray class zeta function Z A (s). A congruence condition modulo a prime lying over (d) determines the signs of the square roots; see eq. (5.2).
Our construction has been verified numerically in dimensions d = 5, 11, 17, and 23. Moreover, our methods give exact solutions in these dimensions. Namely, we can conjecturally determine Stark units as algebraic numbers using sufficiently high-precision approximate values of exp(Z ′ A (0)), and then verify directly that they produce a SIC-POVM according to the recipe provided by our conjectures. Thus, we provide the first exact expression for a SIC-POVM in dimension 23.
The paper is organized as follows. In section 3 and section 4, we provide mathematical background and an introduction to SIC-POVMs and the Stark conjectures, and we define the notation to be used in the rest of the paper. In section 5, we present our main results and conjectures. Finally, in section 6, we present data verifying our main conjecture numerically in dimensions d = 5, 11, 17, and 23.
This paper includes and extends work from Chapter 5 of the author's PhD thesis [16] .
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COMPLEX EQUIANGULAR LINES
In this section, we introduce the definitions from quantum information theory and design theory that we need to state our main conjectures. Specifically, we define SIC-POVMs and Heisenberg SIC-POVMs. We discuss extended unitary equivalence and Galois equivalence of SIC-POVMs and define the notion of a multiplet of Heisenberg SIC-POVMs.
3.1. Definition of SIC-POVMs. The study of SIC-POVMs began with Zauner's 1999 PhD thesis [30] (see English translation [31] ). The term "SIC-POVM" was attached to the concept in 2004 by Renes, Blume-Kohout, Scott, and Caves [18] .
The maximal number of equiangular complex lines possible in C d is d
2
; this was originally proved in 1975 by Delsarte, Goethals, and Seidel using orthogonal polynomials [9] . Proposition 3.1 (Delsarte, and Goethals, and Seidel [9] ). Let α > 0. Consider a set V of unit vectors in C d spanning equiangular lines; that is, | v, w | 2 = α whenever v, w ∈ V and v = w.
The same authors also show that, for a set of d 2 equiangular complex lines, the size of the angle is determined. 
and thus the common angle is arccos
.
A SIC-POVM is defined as a set of measurements (i.e., projectors-idempotent Hermitian operators) on d-dimensional Hilbert space satisfying certain properties, and it is equivalent to a set of equiangular complex lines achieving the upper bound from Proposition 3.1.
Definition 3.3 (SIC-POVM).
A symmetric informationally complete positive operator-valued mea- be a dth root of unity.
The Heisenberg group
, and a canonical basis is given as follows.
Definition 3.8 (Heisenberg basis).
forms a basis of M d (C) over C, and this basis is called the Heisenberg basis.
Empirically, all but one of the known SIC-POVMs are equivalent to orbits of the Heisenberg group action, and this observation motivates the following definition.
The elements of EU(d) that preserve the property of being a Heisenberg SIC-POVM are restricted to a finite group, the extended Clifford group EC(d), defined to be the normalizer of Proof. See Scott and Grassl [20] , section 3.
Some authors consider the larger class of group covariant SIC-POVMs, those which are orbits of some subgroup of U(d). The Hoggar lines are group convariant for H(2) ⊗ H(2) ⊗ H(2), so all known SIC-POVMs are group convariant. In the case of prime dimension, it was shown by Zhu that all group covariant SIC-POVMs are equivalent to Heisenberg SIC-POVMs [32] .
3.3. The Galois action of Heisenberg SICs. In 2016, Appleby, Flammia, McConnell, and Yard [5, 6] numerically discovered a surprising connection between SIC-POVMs and ray class fields of real quadratic fields. For all Heisenberg SIC-POVMs they were able to check, they found that the ratios of the entries of the fiducial vector lie in an abelian extension of the real quadratic field
. This field is special because it contains a small unit
The unit ε has the property that ε 3 ≡ 1 (mod d), and its presence is related to the order 3 "Zauner symmetry" enjoyed by many known SIC-POVMs. We call ε the Zauner unit. Note that the Zauner unit is not always equal to the fundamental unit, but is sometimes a higher power of it; for example,
, and let E be the field generated by the ratios of the entries of the fiducial vector along with the d 
EXPLICIT CLASS FIELD THEORY AND ZETA FUNCTIONS
In this section, we give the number-theoretic background we need to state our conjectures. A much more complete exposition of class field theory may be found in Neukirch's book [17] . The real quadratic Stark conjectures may be found in [26] .
4.1. Global class field theory. Let K be a number field, and let O K be its ring of algebraic integers, the maximal order of K.
A modulus m is a pair m = (c, S), where c is an ideal of O K , and S is a subset of the (possibly empty) set of real embeddings K → R. Associate to the real embeddings ρ 1 , . . . , ρ r the "infinite primes" ∞ 1 , . . . , ∞ r , and write m using the notation m = c ρ j ∈S ∞ j . (An example of this notation is m = (7)∞ 1 ∞ 3 ). The abelian Galois extensions of K are associated to quotients of ray class groups, by the following existence theorem of Takagi.
Theorem 4.2 (Existence theorem)
. Let K be a number field, and let K ab be the maximal abelian extension of K (an infinite-degree extension). Then, there is a natural isomorphism of the Galois group Gal(K ab /K) with the inverse limit lim ← Cl m with respect to the quotient maps π m ′ ,m . This isomorphism is called the Artin map:
The field L m /K corresponding to Cl m by Galois theory-so that Gal(L m /K) ∼ = Cl m under the Artin map-is called the ray class field of K modulo m. If m = (c, S), then the extension L m is ramified only at the primes dividing c and the real places in S.
Proof. See [17] , Chapter VI, especially Theorem 7.1.
4.2.
Ray class zeta functions and Hecke L-functions. We now define two Dirichlet series, ζ A (s) and Z A (s), attached to a ray ideal class A of the ring of integers of a number field.
Definition 4.3 (Ray class zeta function).
Let K be any number field, and let c be an ideal of the maximal order O K . Let S be a subset of the real places of K (i.e., the embeddings K ֒→ R). Let A be a ray ideal class modulo m = (c, S). Define the zeta function of the ray class A to be
This function may be meromorphically continued to the whole complex plane. Define the differenced zeta function of the ray class A to be
Hecke L-functions (of a finite-order Hecke character) are linear combinations of ray class zeta functions and are ubiquitous in modern number theory, largely because they have an Euler product. Conversely, ray class zeta functions may be expressed as linear combinations of Hecke L-functions. All our results and conjectures are stated using (differenced) ray class zeta functions rather than Hecke L-functions, as they are cleaner that way. However, our computer calculations (see section 6) rely on Magma's built-in algorithms for computing Hecke L-functions.
4.3.
Stark conjectures over real quadratic fields. The Existence Theorem 4.2 does not provide a procedure for actually building the ray class field L m . Explicit constructions are known when the base field K is Q or an imaginary quadratic field; however, it is not known how to construct ray class fields explicitly in general.
The Stark conjectures provide one approach to developing an explicit class field theory. The following conjecture, due to Stark [26] 
The units α A are compatible with the Artin map Art :
, where I ∈ Cl c∞ 2 is the identity class.
TOWARDS AN INFINITE FAMILY OF HEISENBERG SIC-POVMS
We now state our main conjectures and results. Our first conjecture predicts the existence of a Galois orbit of real algebraic units in the ray class field L (d)∞ 2 satisfying certain strong conditions, for d an odd prime such that d ≡ 2 (mod 3). We will show in Theorem 5.4 that these conditions imply the existence of a Heisenberg SIC-POVM in dimension d. 
1)
and let Art :
denote the Artin map of class field theory. Then, there is a real algebraic unit α such that the ring class field L (d)∞ 2 = K(α) and such that its (real) Galois conjugates α m,n := α Art(Am,n) over the Hilbert class field L (1) have the following properties.
, and let ν m,n be the unique root of
satisfying ν m,n ≡ 1 (mod p). Let ν 0,0 = 1. Then, the matrix
is idempotent (that is, M 2 = M) and rank 1 (that is, all the rank 2 minors of M vanish). (See eq. [22, 23] . A different formula appears in Chapter 4 of the author's PhD thesis [16] .
We state Conjecture 5.1 and Conjecture 5.2 as two separate conjectures due to the possibility that it may be possible to prove the first without proving the second. One route by which this might be done is through the use of p-adic zeta functions rather than Archimedian zeta functions. The p-adic approach seems hopeful because p-adic analogues of the Stark conjectures have been proven in some cases. At least, the p-adic condition (2) for corresponding d-adic special values looks potentially amenable to proof.
We now prove a lemma about the structure of the class fields over K, which we require for our main result, Theorem 5.4. 
Proof. It suffices to prove that the minimal
; consider the minimal such η. We have η n = ε 3 d for some n ∈ Z, n > 0. Let η ′ and ε ′ denote the nontrivial Galois conjugates of η and ε, respectively. If n ≥ 3, then η + η ′ ≤ ε + ε ′ = d − 1, so it's impossible to have η ≡ 1 (mod d). Thus, n ≤ 2. Suppose n = 2. Then ε d has a square root is K; it's straightforward to check that this happens exactly when d + 1 is a square, in which case ε d = ε
Thus, η ≡ 1 (mod d).
So we must have n = 1, which is what we wanted to prove. It follows that the class groups
We are now ready to prove that Conjecture 5.1 implies the existence of a Heisenberg SIC-POVM. Proof. The α m,n are Galois conjugate real algebraic units that generate
The α m,n must not be totally real, because if they were, they would all lie in
m,n , so the α m,n are Galois conjugate to their inverses. Take
Thus, by class field theory, the fixed field of τ is L (d) . It follows that the class field of στ σ
Thus, σ(α m,n ) lies on the unit circle. It follows that |σ(ν m,n )| =
. From the definition of M, we obtain Tr(MD m,n ) = ν m,n . Thus,
Moreover, the action of σ on the Heisenberg group is determined by its action of Q(ζ d ), and there is some λ ∈ (Z/dZ)
. So, by changing the value of n, we have
with w † v = 1, which is possible because M, and thus σ(M), is rank 1 and idempotent. We will show that σ(M) is in fact a Hermitian projector; that is, w = v. Conjugate-transpose acts on σ(M) as follows: 
EXAMPLES
In this section, we use Conjecture 5.1 and Conjecture 5.2 to compute exact SIC-POVMs in dimensions d = 5, 11, 17, and 23. In each case, our solutions represent the minimal multiplet (in the sense of Appleby et. al. [6] ), or (in the case of d = 23) we expect them to. Originally, the case d = 5 is due to Zauner [30, 31] , d = 11 is due to Scott and Grassl [20] , and d = 17 is due to Appleby et. al. [4] . The case d = 23 is new.
We numerically compute the numbers α
, using Magma's built-in functions for evaluation of Hecke L-functions. The α approx A are expected to be Galois conjugate algebraic numbers (see Conjecture 4.7); in each case, we find that they indeed agree to high precision with Galois conjugate algebraic numbers α exact A . The α exact A are found by using Mathematica's built-in lattice basis-reduction algorithms to compute the coefficients of a minimal polynomial f d (x) over L (1) , the Hilbert class field of K.
Next, we verify conditions (2) and (3) of Conjecture 5.1 and compute the minimal polynomial g d (x) of a choice of ν A . The latter is done by factoring
2 ) over L (1) in Magma. Finally, we verify that the ν A satisfy condition (4) of Conjecture 5.1.
Letg d (x) denote a polynomial obtained from g d (x) by applying a Galois automorphism σ to the coefficients with the property that σ √ ∆ = − √ ∆. The roots ν m,n of g d (x) are real numbers, and we have already computed them not only as a set, but also as an orbit of the Galois group
). The roots ofg d (x) are complex numbers of absolute value
, and they are the overlaps of the SIC-POVM we are looking for. In order to compute a fiducial vector, we need to compute the Galois action on them as well.
In each case (d = 5, 11, 17, 23),
. Let γ be a generator for
where c j ∈ L (1) . This is done by solving the following linear system for the c j .
The action on τ on the roots of g d (x) is given by applying the polynomial h d (x), so the action of a generatorτ for Gal
From the rootsν m,n ofg d (x), a fiducial vector v d is computed by applying σ to eq. (5.3):
As we haven't kept track of the action of σ on roots of unity, we must check different values of λ ∈ (Z/dZ) × until we find one that works. While this method produces an exact fiducial, we write down only a numerical fiducial in the examples that follow and in the accompanying text files. (We have already specified v d exactly up to a Galois action by writing down g d (x), and the minimal polynomials of its entries have prohibitively large coefficients in some cases.)
In the cases d = 5, 11, and 17, the coefficients of )) were computed to 50 digits of precision and were found to numerically satisfy the following polynomial f 5 (x) over K.
The minimal polynomial of the corresponding ν A is
The overlaps of the Heisenberg SIC are the roots of the conjugate polynomial
A numerical approximation to a fiducial vector is = 5 + 2 √ 6 equal to the fundamental unit. There are three PEC(11)-orbits of SIC-POVMs [20] , denoted 11a, 11b, and 11c. They occur in two multiplets, {11a, 11b} and {11c}.
We construct the orbit 11c explicitly using Conjecture 5.1 and Conjecture 5.2. The ray class group Cl d∞ 2 (K) ∼ = Z/40Z. The numbers α A = exp(Z ′ A (0)) were computed to 50 digits of precision and were found to numerically satisfy the following polynomial f 11 (x) over K. A numerical approximation to a fiducial vector is According to previous numerical searches, there appear to be six PEC(23)-orbits of SIC-POVMs [20] , denoted 23a, 23b, 23c, 23d, 23e, and 23f. We have computed one multiplet {23e, 23f} explicitly using Conjecture 5.1; we expect, but have not shown, that the other four orbits form a multiplet {23a, 23b, 23c, 23d}. We follow Scott and Grassl's conventions for other exact solutions in placing the expected minimal multiplet last in the labeling scheme; this may not agree with the numerical solutions given in [20] , which were computed without knowledge of the Galois action.
The ray class group Cl d∞ 2 (K) ∼ = Z/2Z × Z/176Z. The numbers α 
